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Abstract 
A new generation of laser scanners mounted on Unmanned 
Aerial Vehicles (UAVs) have the potential to provide high-
quality point clouds of comparatively small areas (a few 
hectares). The high maneuverability of the UAVs, a typically 
large field of view of the laser scanners, and a comparatively 
small measurement range lead to point clouds with very high 
point density, less occlusions, and low measurement noise. 
However, due to the limited payload of UAVs, lightweight 
navigation sensors with a moderate level of accuracy are used 
to estimate the platform’s trajectory. As a consequence, the 
georeferencing quality of the point clouds is usually sub-op-
timal; for this, strip adjustment can be performed. The main 
goal of strip adjustment is to simultaneously optimize the 
relative and absolute orientation of the strip-wise collected 
point clouds. This is done by fully re-calibrating the laser 
scanning system and by correcting systematic measurement 
errors of the trajectory. In this paper, we extend our previous 
work on the topic of strip adjustment by the estimation of 
time-dependent trajectory errors. The errors are thereby mod-
elled by natural cubic splines with constant segment length 
in time domain. First results confirm the suitability of this 
flexible correction model by reducing the relative and abso-
lute strip discrepancies to 1.38 cm and 1.65 cm, respectively.  

Introduction
Airborne Laser Scanning (ALS) from manned platforms is 
a widely used and proven technology for the acquisition 
of point clouds over extended areas. Recent developments 
created the possibility to mount lightweight laser scanners, 
together with the required navigation sensors, on Unmanned 
Aerial Vehicles (UAVs), whereby small multicopter systems 
are typically used. Though such systems are restricted to the 
mapping of smaller areas, they have the potential to deliver 
high-quality point clouds, i.e., point clouds with very high 
and homogeneous point density, footprint diameters of just a 
few centimeters, minimal occlusions, and low measurement 
noise (Mandlburger et al., 2015a). 

While the usage of imaging sensors on UAVs is already 
wide spread in many research fields, the application of laser 
scanners on UAVs is still less common and remains challeng-
ing (Colomina, 2015). One of the main reasons is that, in 
contrast to frame based imaging systems, such dynamic laser 
scanning systems require a continuous and accurate estimate 
of the flight trajectory. This is particularly challenging for 
UAVs, as they typically have highly variable flight dynamics, 
can be subject to strong vibrations, and satellite visibility may 
be restricted at very low flying altitudes or when flying be-
tween tall buildings or vegetation. Due to the limited payload 

of UAVs, lightweight navigation sensors with a moderate level 
of accuracy have to be used, resulting in a comparatively 
weak estimation of the trajectory. Despite the low flying alti-
tude of UAVs, which is advantageous for the propagation of an-
gular errors on the point clouds’ georeference, the estimated 
trajectory usually cause time-dependent, non-linear deforma-
tions of the strip-wise collected point clouds. To correct these 
deformations and thereby optimize the georeferencing of the 
point clouds, strip adjustment can be performed. In Figure 
1 the point clouds captured from different flight strips are 
shown for a small wooded area. A horizontal profile trough 
the stems of a tree clearly demonstrate the improved align-
ment of the point clouds after strip adjustment. 

Figure 1. Top: Point cloud captured during an ALS campaign after 
strip adjustment (different colors correspond to different flight 
strips). Below: horizontal section through the stems of a tree 
(height = 0.5 m) before and after strip adjustment. 
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The typical point cloud generation process for dynamic 
laser scanning systems is depicted in Figure 2. It starts from 
the key components of the navigation system, a Global Naviga-
tion Satellite System (GNSS) and an Inertial Navigation System 
(INS). The measurements of these systems are integrated in 
some sort of Kalman filter (Kalman, 1960) to produce an ac-
curate estimate of the platforms’ trajectory, i.e., its position 
(three coordinates: x, y, z) and orientation (three angles: roll, 
pitch, yaw) as a function of time. The so-obtained trajectory is 
combined with the mounting calibration parameters (which 
describe the positional and rotational offsets between the scan-
ner and the GNSS/INS system) to determine the orientation of 
the laser scanner (direct sensor orientation). Finally, the mea-
surements of the laser scanner can be directly georeferenced to 
obtain the final product, the georeferenced point clouds. 

Figure 2. Point cloud generation process for dynamic laser scan-
ning systems (LS = laser scanner). 

In many cases, the so-generated point clouds contain sys-
tematic georeferencing errors. These errors can be recognized 
in two forms: (a) as discrepancies between overlapping strips, 
and (b) as discrepancies between strips and ground-truth 
data, e.g., ground control points or reference planes. Experi-
ence shows, that the major parts of these discrepancies stem 
from the GNSS/INS navigation system and from the rotational 
part of the mounting calibration (boresight misalignment). 
To re-calibrate the entire ALS multisensor system and correct 
the trajectory errors, strip adjustment (also known as inte-
grated sensor orientation) can be performed. This is done by 
refining the point cloud generation process after the trajec-
tory estimation by additional (calibration and correction) 
parameters. These parameters are estimated by exploiting the 
redundancy contained in the overlapping areas of the strips 
and by considering ground-truth data (if available). The esti-
mated parameters can be divided into three categories: (a) the 
scanner calibration parameters (e.g., range finder offset), (b) 
the mounting calibration parameters (lever-arm and misalign-
ment), and (c) the trajectory correction parameters. In this 
article, we focus on the latter. 

To our best knowledge, trajectory estimation and laser 
scanning strip adjustment are always treated as two inde-
pendent problems: the Kalman filter does not consider any 
laser scanner observations and strip adjustment in turn does 
not consider any raw observations of the GNSS/INS navigation 
system (e.g., pseudorange and carrier phase observables). In 
other words, sensor calibration and error modeling are not 
integrated on the highest possible level. Such a solution is 

undoubtedly suboptimal, but it splits a complex problem into 
two smaller, easier manageable problems. As a consequence 
of this separation, the errors of the raw GNSS/INS observations 
cannot be corrected directly by strip adjustment. Instead, 
the effect of these errors on the trajectory estimation must be 
modeled. As the GNSS and INS measurements are strongly af-
fected by external influences (e.g., satellite constellation, flight 
maneuvers), these errors cannot be assumed to be constant in 
time, but strongly time-dependent (Skaloud, et al., 2010). 

The simplest trajectory error model is a bias correction (by 
0-degree polynomials) for each of the six trajectory elements, 
individually for each strip (Glira et al., 2015b); we call this 
the bias trajectory correction model throughout this paper. 
Other models additionally can mitigate the effect of linear and 
quadratic INS drifts (by 1- or 2-degree polynomials), although 
such drifts should already be corrected to a large extent in 
the Kalman filter by other measurements, especially GNSS 
measurements (Colomina, 2015). Due to its simplicity, these 
correction models are often insufficient. This is particularly 
the case when: 

• A very high georeferencing accuracy is demanded, e.g., 
for deformation monitoring or modeling of complex 
objects like buildings or trees (Figure 1). 

• The accuracy of the navigation sensors exceed the laser 
scanner’s accuracy, i.e., the trajectory is the dominant 
error source for the final georeferencing accuracy of the 
point clouds. 

• The trajectory estimation was not performed in a 
proper way, and therefore contains large errors. 

This paper presents a new and flexible correction model, 
which can be used to estimate time-dependent trajectory er-
rors and can be incorporated easily into the functional model 
of a rigorous strip adjustment method. Thereby, errors are 
modeled individually for each of the six trajectory elements 
by smoothed, piecewise-defined cubic polynomials, common-
ly known as cubic splines; this model is hereinafter referred 
to as spline trajectory correction model. 

The remainder of the paper is structured as follows. After 
a review of literature in the next section , the fundamentals of 
our strip adjustment method are briefly summarized. On this 
basis, a detailed description of the spline trajectory correction 
model is provided and the first results are presented. A criti-
cal review of the method is presented in the last section.

Related Work
Trajectory correction (or estimation) is a research topic not 
only in the domain of laser scanning, but also in many other 
research areas where dynamic measurement systems (a.k.a., 
mobile mapping systems) are used. A state-of-the-art overview 
about trajectory estimation for photogrammetry and remote 
sensing applications has been recently published by Colo-
mina (2015). In the following, some works particularly related 
to the estimation of trajectory errors, are presented.

Airborne Laser Scanning
Most strip adjustment methods presented in the past concen-
trate on the estimation of the three boresight misalignment 
angles, e.g., Hebel and Stilla (2012). The reasons for this are 
that (a) these angles are difficult to observe by conventional 
surveying methods, and (b) angular errors can cause very 
large point displacements, as their effect is directly propor-
tional to the measurement range. Obviously, the latter applies 
also to the orientation angles roll, pitch, and yaw. In Kager 
(2004) each trajectory element can be corrected strip-wise by 
a single polynomial of arbitrary degree. Friess (2006) presents 
an extensive framework for strip adjustments which includes 
the correction of trajectory errors, without however, providing 
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further details about the utilized error model. An overview 
of UAV-suitable laser scanners and navigation sensors can be 
found in Colomina and Molina (2014). A general overview 
about strip adjustment methods, including a discussion of 
potential random and systematic error sources and their effect 
on the ground points, can be found in Habib et al., (2009).

Mobile Laser Scanning
Colomina (2015) emphasizes that in contrast to ALS, MLS is 
usually performed in less responsive GNSS environments, 
where, due to obstructions, signal attenuation, and multipath, 
systematic errors of 0.5 m and larger are common. However, 
only few studies have been conducted on the correction of 
these errors in the past. Nolan et al. (2015) recently presented 
a trajectory correction method, which can be applied to point 
clouds acquired in multiple passes (loops). Within the over-
lap area of these point clouds, a so-called “control polyline” 
is extracted along the trajectory (e.g., a curb). This 3D polyline 
is incorporated into a least squares adjustment to improve 
the given trajectory. Nuechter et al. (2015) use a 2D and a 
3D scanner, mounted together on a backpack, to map indoor 
environments without any navigation sensors, i.e., without 
GNSS and INS. It is demonstrated that using Simultaneous 
Localization and Mapping (SLAM), the acquired point clouds 
can be referenced in a common coordinate system, although 
the reported accuracy of the point clouds lies in the “centi/
decimeter range” only. 

Three-Line Cameras
Due to their high image acquisition frequency, three-line 
cameras (Hofmann et al.,1984) need a continuous trajectory 
estimate. In contrast to our work, Ebner et al. (1992) do not es-
timate the errors of a given trajectory, but the trajectory itself. 
For this reason, the exterior orientation for some image lines 
at certain time intervals is estimated. Between these images, 
the trajectory is interpolated by Lagrange polynomials of third 
degree. In Gruen and Zhang (2002) the orientation angles are 
corrected by bias and drift parameters. A more flexible model 
is presented for the position coordinates, which are corrected 
by piecewise second-degree polynomials with continuity 
constraints. 

Strip Adjustment Method
The basics of the strip adjustment method applied in this 
study were previously published in two articles: Glira et al. 
(2015a) concentrates on the definition and selection of cor-
respondences, whereas Glira et al. (2015b) provides a frame-
work for the entire strip adjustment method. As a basis for 
the remainder of this article, the fundamentals of these two 
articles are summarized in the following.

Rigorous Modeling of the Measurement Process
Some strip adjustment methods use the 3D coordinates of the 
point clouds only as data input (e.g., the provided .las files) 
(e.g., Ressl et al. (2011); Vosselman and Maas (2001)). In our 
method, however, the generation of the point clouds is rigor-
ously modeled by considering (a) the original scanner mea-
surements, (b) the mounting calibration, and (c) the trajectory 
measurements. For the generation of the point clouds, these 
inputs are combined in the direct georeferencing equation 
(Glira et al, 2015b):  

 
x t t R t R t R te e

n
e

i
n i

s
i s( ) ( ) ( ) ( ) ( )= + +( )g a x

 
(1)

where xe(t) is a 3-by-1 vector with the coordinates of the laser 
point measured at time t. The indices in Equation 1 denote the 
following coordinate systems (Bäumker and Heimes, 2001):

• s-system  scanner coordinate system
• i-system  INS coordinate system (often also denoted as  

 body coordinate system)
• n-system  navigation coordinate system, equal to a local- 

 level coordinate system (x = north, y = east,  
 z = nadir)

• e-system  Earth-Centered, Earth-Fixed (ECEF)  
 coordinate system.

Furthermore Equation 1 includes:

• xs(t) 3-by-1 vector with the coordinates of the laser  
 point in the s-system.

• Ri
s 3-by-3 rotation matrix describing the rotation from   

 the s-system to the i-system. This rotation is  
 usually denoted as (boresight) misalignment and   
 is parametrized through three Euler angles:

 R Rs
i

s
i= ( , , )ω ϕ κ  (2)

• ai 3-by-1 vector describing the positional offset  
 between the GNSS antenna and the origin of the  
 s-system. This vector is usually denoted as lever arm.

• Rn
i (t)  3-by-3 rotation matrix describing the rotation from  

 the i-system to the n-system. This rotation is  
 parameterized through three Euler angles roll ϕ,  
 pitch θ, and yaw ψ:

 R t R t t ti
n

i
n( ) ( ( ), ( ), ( ))= ϕ θ ψ  (3)

• Re
n(t) 3-by-3 rotation matrix describing the rotation from  

 the n-system to the e-system. This rotation is not  
 observed, but is a function of the longitude λ and  
 latitude φ corresponding to the actual value of ge(t):

 R t( (= λR t tn
e

n
e( ) ), ( ))φ  (4)

• ge(t) 3-by-1 vector describing the position of the GNSS  
 antenna in the e-system.

Calibration of the ALS Multisensor System
For an on-the-job calibration of the entire ALS system, the direct 
georeferencing equation is extended by additional calibration 
parameters. These parameters are estimated by strip adjustment 
and include calibration parameters for the scanner and the 
mounting calibration parameters (misalignment and lever-arm).

Correction of Aircraft’s Trajectory
Up to now, we used a rather simple correction model for the 
aircraft’s trajectory: only the biases of each trajectory element 
(three coordinates, three angles) were estimated individually 
for each strip1 (bias trajectory correction model). However, 
these six parameters per strip are insufficient if the input 
trajectory is of poor quality or if a very high georeferencing 
quality is required. In such cases, a more flexible trajectory 
correction model is required, which is the focus of this study 
and will be presented in the next section.

Point Based Correspondences
In order to exploit the full resolution of the data, correspon-
dences are established on the basis of the original ALS points. 
For the spatial selection of correspondences within the 
overlap area of the strips, four different selection strategies 
were presented in Glira et al. (2015): (a) Random Sampling, 

1. If a very accurate trajectory is provided, it might be sufficient to 
estimate the biases block-wise only (instead of strip-wise). However, 
in our experience this is very rarely the case.
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(b) Uniform Sampling, (c) Normal Space Sampling, and (d) 
Maximum Leverage Sampling. A single correspondence is de-
fined by two closest points and their normal vectors. Between 
these two points, the signed point-to-plane distance (Figure 3) 
is minimized. It is conveniently expressed by  

 di i i
T

i= −( )p q n  (5)

where pi and qi are the corresponding points of the ith corre-
spondence, and ni is the normal vector associated to the point 
pi (with||ni|| = 1).

Figure 3. The point-to-plane distance di for the i-th correspon-
dence is defined as the perpendicular distance from point qi to 
the tangent plane defined by pi and ni. The point qi is defined as 
the nearest neighbour of the point pi. From Glira et al. (2015b). 

Objective of the Adjustment
A robust least squares adjustment (Gauß-Markov adjustment 
model) is performed to estimate the unknown calibration and 
trajectory correction parameters. The objective of the adjust-
ment is to simultaneously minimize the weighted sum of all 
squared point-to-plane distances  

 
Ω = →

=
∑ ( )w di i
i

n
2

1

minimum
 

(6)

where di is the point-to-plane distance of the ith correspon-
dence, wi its weight, and n the total number of correspon-
dences. The definition of the weights is given in Glira et.al., 
(2015b).

Iterative Estimation
Correspondences are not established only once, but iterative-
ly. For each new set of correspondences, the parameters are 
re-estimated through adjustment. This iterative procedure is 
repeated until convergence is reached, i.e., until there are no 
significant changes in the estimated parameters. Hence, the 
strip adjustment method is partly based on the well-known 
Iterative Closest Point (ICP) algorithm (Besl and McKay (1992), 
Chen and Medioni (1992)). 

Spline Trajectory Correction Model
The trajectory of the platform is estimated in advance by 
the integration of GNSS and INS measurements in a Kalman 
filter. As a result, the position and the orientation estimates 
are given, together with their precisions, as a function of the 
flight time t:

Original position Original orientation

g t xx
e

0 ( ) -coordinate ϕ0 t( )…roll angle

g t yy
e

0 ( ) -coordinate θ0 t( )…pitch angle

g t zz
e
0 ( ) -coordinate ψ 0 t( )…yaw angle

We use here the same notation as in Glira et al. (2015b). 
The superscript e indicates that the position is expressed in 
an Earth-Centered, Earth-Fixed (ECEF) coordinate system (pre-
vious section). Each of these six trajectory elements is correct-
ed, individually for each strip j, by a correction function Δ(t): 

Corrected position Corrected orientation

g t g t g tx
e

x
e

x j
e( ) ( ) ( )[ ]  = +0 ∆ t t= +ϕ ϕ ϕ( ) ( ) ( )[ ] tj0  ∆

g t g t g ty
e

y
e

y j
e( ) ( ) ( )[ ]  = +0 ∆ = +θ θ θ( ) ( ) ( )[ ]t t tj0  ∆

g t g t g tz
e

z
e

z j
e( ) ( ) ( )[ ]  = +0 ∆

In this paper, we investigate the usage of natural cubic 
splines with constant segment length Δt in time domain for 
modeling these correction functions (Figure 4). This model 
choice is inevitably somewhat arbitrary, as the true pattern 
of the residual trajectory errors is unknown. However, using 
cubic splines has some justifiable grounds:

• The residual trajectory errors are expected to be 
smoothed in forward and backward direction after 
Kalman filtering. Due to their smoothness and high 
flexibility, cubic splines are an appropriate counterpart 
to the long-term components of these residual errors.

• In comparison with higher-degree polynomials, the 
risk of overfitting is relatively small for cubic splines. 
However, if a too small segment length Δt (e.g., 0.5 s) is 
chosen, overfitting may still occur.

• Due to their straightforward mathematical formulation, 
cubic splines can be easily incorporated (together with 
the appropriate constraints) into the functional model 
of an adjustment.

Correction Model
This section contains the equations required for the incorpo-
ration of the proposed correction model into the adjustment. 
It is emphasized that an individual correction function is 
estimated for each trajectory element and for each flight strip j 
(j = 1, …, s). If we denote the start and end time of the jth strip 
with ts[j] and te[j] respectively, the total number of polynomial 
segments for each trajectory element of this strip is defined by 

 
n

t t

tj
e j s j

[ ]
[ ] [ ]=

− 
∆  

(7)

Figure 4. Example of roll angle correction for a single flight strip j. The correction is modeled as natural cubic spline with constant seg-
ment length Δt. At the beginning and the end of a strip, the first and second derivatives are constrained to zero. The continuity and 
smoothness of the spline function are ensured by the C0, C1, and C2 continuity constraints. 
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where Δt is the segment length of a single polynomial in time 
domain. The kth cubic polynomial (k = 1, …, n[j]) of the jth strip 
is represented, e.g., for the roll angle correction, by:

 Δϕ[j,k](t) =  a0[j,k] (8)

  + a1[j,k](t – ts[j,k])

  + a2[j,k](t – ts[j,k])2

  + a3[j,k](t – ts[j,k])3

whereby the start time of the polynomial is:

 ts[j,k] = ts[j] + (k – 1) · Δt (9)

and the polynomial is defined for the time interval: 

 for k = 1, …, n[j] – 1 t ∈[ts[j,k], ts[j,k+1]]

 for k = n[j] t ∈[ts[j,k], te[j]]

However, if the last polynomial is very short, e.g., smaller 
than Δt/2, it should be merged with the previous one. 

The coefficients a0[j,k], a1[j,k], a2[j,k], and a3[j,k] of each polyno-
mial (Equation 8) are estimated by adjustment. A summary of 
all unknown parameters, including those previously de-
scribed in Glira et al. (2015b), can be found in Table 1.

Table 1. Overview of the parameters estimated by strip adjustment. 
The estimation of the scanner and mounting calibration parameters 
has been previously described in Glira et al. (2015b)

Parameters
category name #

scanner
calibration

range offset (bias) 1
rangle scale 1
angle offsets (biases) 2
angle scales 2

mounting
calibration

misalignment angles 3
lever-arm components 3

trajectory
correction

x correction coefficients 4∑s
j=1n[j]

y correction coefficients 4∑s
j=1n[j]

z correction coefficients 4∑s
j=1n[j]

roll correction coefficients 4∑s
j=1n[j]

pitch correction coefficients 4∑s
j=1n[j]

yaw correction coefficients 4∑s
j=1n[j]

Constraints 
To ensure that the splines are continuous and smooth at the 
junctions of the polynomials, the following constraints have 
to be incorporated for the inner knots (k = 1, …, n[j] – 1) into 
the adjustment:

• the C0 continuity expresses that the polynomials are 
continuous at the internal knots:

 Δϕ[j,k](ts[j,k+1]) = Δϕ[j,k+1](ts[j,k+1]) (10)

• the C1 continuity expresses that the first derivative of 
the polynomials is continuous at the internal knots:

 Δϕ′[j,k](ts[j,k+1]) = Δϕ′[j,k+1](ts[j,k+1]) (11)

• The C2 continuity expresses that the second derivative 
of the polynomials is continuous at the internal knots: 

 Δϕ′′[j,k](ts[j,k+1]) = Δϕ′′[j,k+1](ts[j,k+1]) (12)

The required first and second derivatives of Equation 8 are:
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Additionally, boundary conditions are introduced to avoid 
steep slopes of the correction function at the beginning and at 
the end of each flight strip (Figure 4). This is accomplished by 
setting the first and second derivatives to zero at the begin-
ning (t = ts[j] = ts[j,1]) of each strip

 ∆ ′ = ⇒ =ϕ[ , ] [ ] [ , ]( )j s j jt a1 1 10 0  (15)

 ∆ ′′ = ⇒ =ϕ[ , ] [ ] [ , ]( )j s j jt a1 2 10 0  (16)

and at the end (t = te[j]) of each strip

 ∆ ′ =ϕ[ , ] [ ][ ]
( )j n e jj
t  0 (17)

 ∆ ′′ =ϕ[ , ] [ ][ ]
( )j n e jj
t  0 (18)

Equations 10, 12, 15, 16, 17, and 18 are incorporated as 
constraints into the adjustment; a summary is given in Table 
2. The solution formulas for the applied Gauβ-Markov adjust-
ment model with functionally dependent parameters can be 
found in Mikhail and Ackermann (1976, p. 213).

Table 2. Overview for the constraints used in the adjustment
Constraints

category name #
trajectory C0, C1, C2 continuity 3·6∑s

j=1(n[j] – 1)
correction boundary conditions 4·6s

Additional Observations
If a single strip is not fully overlapping with other strips, 
some polynomials cannot be estimated due to lack of corre-
spondences. As a consequence the equation system becomes 
singular. To overcome this problem, fictional observations 
(sometimes also denoted as zero-observations) are added for 
the 0-degree polynomial coefficients a0[j,k] to the equation sys-
tem. They have the form: 

 a0[j,k] = 0 + v[j,k] (19)

where v[j,k] denotes the residual of the observation. As a priori 
precision of these observations σa0[j,k] the trajectory preci-
sion estimates from the Kalman filter should be used. If this 
information is not available, the measurement precisions, 
as declared by the manufacturers, can be used alternatively 
(Table 3). Besides removing the rank deficiency, these obser-
vations have also another important effect: they ensure that 
the trajectory correction functions converge steadily to zero in 
areas without redundancy, i.e., in areas without overlap. The 
original objective function (Equation 6) of the strip adjust-
ment changes due to the additional observations to:

 
Ω = + →

= ==
∑ ∑∑( ) ( )[ , ] [ , ]

[ ]

w d w ai i
i

n

j k j k
k

n

j

s j

2

1
0
2

11

minimum
 

(20)
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Table 3. Key features of the deployed measurement system as 
declared by the manufacturers

Measurement system

la
se

r 
sc

an
n

er

model Riegl VUX-1UAV
pulse repetition rate 350 kHz
range accuracy 10 mm
range precision 5 mm
scan angle resolution 0.001°
field of view 230°
beam divergence 0.5 mrad
wavelength 1550 nm

G
N

S
S

/I
N

S

model Trimble Applanix AP20
roll accuracy 0.015°
pitch accuracy 0.015°
yaw accuracy 0.035°
position accuracy 5-30 cm
INS sampling rate 200 Hz

U
A

V

model Riegl RiCopter
max. payload 16 kg
max. flight time 30 min
size 192 × 182 × 47 cm

where s denotes the total number of strips, and the weight 
w[j,k] is defined by

 
w j k

a j k

[ , ]

[ , ]

=
1

0

2σ  
(21)

It should be noted that no additional observations are 
needed for the remaining coefficients a1[j,k], a2[j,k], and a3[j,k], as 
their determination is ensured by the constraints described in 
the previous section.

Possible Problems 
Some problems may arise by using the spline trajectory cor-
rection model: 

Absolute Deformation of the ALS Block 
Due to the high fexibility of the trajectory correction model, 
systematic discrepancies between overlapping strips can 

almost completely be eliminated, especially if a small seg-
ment length Δt is used. However, an absolute deformation 
of the whole ALS block might occur if Δt is too small (model 
overfitting), as in such cases the estimated trajectory correc-
tion parameters compensate not only trajectory errors, but 
also the effect of other error sources (e.g., a erroneous cali-
brated laser scanner). Thus, an appropriate choice of Δt is 
very important and will be discussed on the basis of real data 
in the next section. Alternatively, block deformations can also 
be avoided – almost independent from the actual choice of 
Δt – by using a large number of ground control points that are 
homogeneously distributed over the whole block. 

Local Effect of Ground Control Points 
Usually, single ground control points can be used to correct 
the datum of the whole ALS block. However, by using a time-
dependent trajectory correction model, such widely isolated 
points have a local effect only, i.e. the datum is corrected in 
the vicinity of these points only. Since this problem is closely 
related to the previous one, it can also be avoided by using a 
dense network of ground control points.

Determinability of Trajectory Correction Functions 
For a reliable estimation of the time-dependent trajectory 
correction functions, a dense and homogeneous distribution 
of the correspondences is needed. Furthermore, the determin-
ability of the correction functions depends on the terrain ge-
ometry, and can therefore not be guaranteed in any case, e.g., 
over completely featureless, flat terrain; however, practical 
experience has shown that this is a rather theoretical problem. 

Experimental Results
The study site Neubacher Au is a Natura2000 protec-
tion area located at the lower course of the Pielach River 
(Lower Austria) near the confluence with the Danube River 
(48°12'50" N, 15°22'30" E; WGS 84). Due to the complex 
topography and vegetation structure, the alluvial area was 
captured under leaf-off conditions by a Unmanned Aerial Ve-
hicle (UAV)- mounted laser scanner (Figure 5, top right). The 

Figure 5. The trajectory correction model is demonstrated on the basis of a single pair of strips (flight trajectories in blue/orange). These 
two strips were acquired by following the course of the Pielach River in 25 m flying altitude. The magenta points were taken from a simul-
taneous (manned) ALS campaign and introduced as ground control points into the strip adjustment. The point clouds within the rectangle 
are depicted at the bottom right corner (yellow points = position of “strip to strip” correspondences in this area). Top right: Riegl RiCopter. 
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manufacturer’s specifications about the UAV, the laser scanner, 
and the GNSS/INS solution are reported in Table 3. 

Data capturing was carried out with 14 longitudinal strips, 
4 cross strips, and 2 strips along the Pielach river2. The regular 
distance between longitudinal strips was 40 m and the fly-
ing altitude was 25 to 50 m above ground. Depending on the 
sensor-to-target range the resulting laser footprint diameter 
is 1.0 to 2.5 cm, enabling the detection of small vegetation 
objects. The UAV was autonomously flying the programmed 
path (based on waypoints) with a speed of 8 m/s. The mission 
parameters and the large scanner FOV resulted in a mean laser 
pulse density of 1,500 points/m2, and in multiple strip over-
laps so that the vegetation was captured from multiple sides 
(see Figure 1). The point clouds acquired in this flight cam-
paign were already used in other publications; in Mandlburger 
et al. (2015b) the potential of the data for vegetation modeling 
was investigated and in Mandlburger et al. (2015c) a compari-
son with ALS and Airborne Laser Bathymetry (ALB) data was 
presented. For these works, strip adjustment was performed 
for all strips. However, for a better understanding, the present-
ed spline trajectory correction model is demonstrated in the 
following on the basis of a single pair of strips only (Figure 5). 

In this minimal example, we compare the results of the 
spline trajectory correction model and the simple bias trajec-
tory correction model (Table 4). With the latter only a bias is 
estimated for each trajectory element per strip; looking at the 
Equation 7 and 8, this corresponds to

 n[j] = 1 ÞΔt = te[j] – ts[j] (22)

 a1[j,k] = a2[j,k] = a3[j,k] = 0 (23)

and the coefficients a0[j,k] is the bias estimated by adjustment. 
The two investigated strips were acquired by following the 

course of the Pielach River in 25m flying altitude. These two 
strips were later used to investigate short term water level 
differences, thus a very high strip registration accuracy was 
required to distinguish signal (i.e., water level differences) 
from noise. To minimize the discrepancies between these two 
strips, approximately 29,000 strip to strip correspondences 
were established, see Figure 6:

• within the overlap volume of the two strips,
• inside the area of interest,

• outside the river area due to the water dynamics, and
• only on relatively smooth surface areas (details later). 

The Normal Sampling method (Glira et al., 2015a) was 
used for the selection of the correspondences. Thereby, the 
correspondences are selected so that the distribution of their 
normals in angular space (slope versus aspect) is as uniformly 
as possible. As can be seen in Figure 5 (bottom right), this 
leads to a broad distribution of the correspondences in 3D 
object space, i.e., correspondences are not only established on 
the terrain, but also on thicker stems and branches. 

The datum of the strip adjustment was defined by 5,630 
homogeneously distributed ground control points, which 
have been extracted from a simultaneous manned ALS flight 
campaign (Figure 5, left side). These points were matched 
with the two overlapping strips, giving in total approximately 
7,900 datum-defining ground-truth data to strip correspon- 
dences. The large number of ground control points avoid the 
problem of block deformation, which was discussed in the 
previous section.  

To minimize the point-to-plane distances, the normal 
vector is needed for each correspondence (see Figure 3). The 
normal vectors were estimated by considering a maximum 

2. An animation of the captured point clouds after strip adjustment 
can be seen here: https://youtu.be/GwyNhUjFr2I

Figure 6. Residual point-to-plane distance for each “strip to strip” correspondence after strip adjustment (total no. of correspondences ≈ 
29000). A systematic pattern of the residuals can be recognized for the simple bias trajectory correction model. These systematic errors 
are eliminated to a large extent by using the spline trajectory correction model presented in this paper.

Table 4. Comparison of strip adjustment results for both correction 
models

Strip adjustment results
Bias TCM Spline TCM

# parameters

• scanner calibration 4 4

• mounting calibration 6 6

• trajectory correction 11 504

# observations

• correspondences

• strip to strip (Fig. 6, 7) 29180 28662

std. dev. residuals 1.83 cm 1.38 cm

mean residuals 0.01 cm 0.00 cm

• ground-truth data to strip 7888 7866

std. dev. residuals 1.82 cm 1.65 cm

mean residuals 0.00 cm 0.00 cm

• coefficients (eq. 19) 0 126

# constraints 0 390

redundancy 37047 36530
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number of 20 neighboring points within a maximum search 
radius of 0.5 m. However, if the estimated normal vector is 
unreliable (i.e., if the standard deviation of the points from 
the adjusting plane exceeds σmax), the associated correspon-
dence was rejected. As a result, correspondences are estab-
lished within relatively smooth areas only (in this example 
we used σmax = 2 cm). All parameters, i.e., the search radius, 
the number of neighboring points, and σmax, were chosen 
empirically by considering the point density, the topography, 
and the measurement accuracy of the laserscanner (Table 3). 

In Figures 6 and 7 the residual point-to-plane distances 
of each strip to strip correspondence can be inspected in 
object space and time domain, respectively. As can clearly be 
seen, using the bias trajectory correction model the residu-
als show a strong systematic pattern, with amplitudes of up 
to 3 to 4 cm. As these errors are significantly larger than the 
measurement accuracy of the laser scanner (Table 3), it can 
be concluded that time dependent trajectory errors are the 
dominant remaining error source. If we take a closer look at 
the error pattern in time domain (upper part of Figure 7), it 
can be recognized that the systematic part of these errors can 
be well-modeled by smooth and continuous functions, e.g., 
by cubic splines, as we propose here. Thus, with the spline 
trajectory correction model, the systematic errors could be 
widely eliminated, leading to residuals that are mainly ran-
dom distributed over time (lower part of Figure 7). We have 
chosen in this example a segment length Δt of 10 s for the 
estimation of the spline correction functions, which leads to 
10 segments for strip 1, and 11 segments for strip 2 (Figure 
9). By using this correction model, the relative orientation 
of the strips (defined as standard deviation of the residual 
point-to-plane distances for all strip to strip correspondences, 
cf. Table 4) was improved by 25 percent, i.e., from 1.83 cm to 
1.38 cm. Accordingly, the absolute orientation of the strips 
was improved by 10 percent, i.e. from 1.82 cm to 1.65 cm. A 
comparison with Table 3 shows that these values, as well as 
the estimated correction functions are widely in conformity 
with the accuracies declared by the manufacturers. 

An appropriate choice of the segment length Δt is of great 
importance. On the one hand, a too small segment length in-
creases the model complexity without significantly improving 
the goodness of fit for the model. As can be seen in Figure 8, 
this applies to Δt<10 s in the current case. On the other hand, 

systematic errors of the trajectory cannot be fully compen-
sated if the segment length is too long. Thus, a good balance 
between goodness of fit and the complexity of the model, i.e., 
the number of unknown parameters, has to be established. 
Several statistical tests can be applied to this purpose, e.g., 
the Akaike Information Criterion (AIC) or Minimum Descrip-
tion Length (MDL) tests (Burnham and Anderson, 2002). In 
this example, a good trade-off was found for Δt =10 s. 

Summary and Outlook
In this article, we extended our previous work on the topic of 
strip adjustment (Glira et al., 2015a; Glira et al., 2015b) by the 
estimation of time-dependent trajectory errors. We demonstrat-
ed that using the bias trajectory correction model, the residual 
errors primarily originate from the trajectory data. For this, 
the presented spline trajectory correction model can be ap-
plied to minimize the effect of an erroneous trajectory on the 
georeferencing accuracy of point clouds. The trajectory errors 
are thereby modeled by natural cubic splines with constant 
segment length in time domain. Additional observations are 
incorporated into the adjustment to ensure the determinability 
of the correction functions in areas without redundancy, i.e., 

Figure 8. Goodness of fit versus model complexity for dfferent 
segment lengths Δt. 

Figure 7. Residual point-to-plane distance for each “strip to strip” correspondence after strip adjustment depending on the flight time 
of strip 1. Bias trajectory correction model: the systematic error pattern in object space (see Figure 6, left) is also clearly visible in time 
domain. Spline trajectory correction model: the residuals are predominantly random distributed, i.e., systematic errors are minimized by 
the estimated spline functions (see Figure 9). 
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without overlapping strips. Due to its flexibility, the proposed 
correction model can be used to eliminate almost any system-
atic discrepancies between overlapping strips; especially if a 
very small segment length is used. However, this flexibility 
also implies some risks: if the segment length Δt is too small, 
an absolute deformation of the ALS block might occur. Thus, 
the usage of ground-truth data, distributed homogeneously 
over the whole block, is recommended. 

The spline trajectory correction model was demonstrated 
by means of data from an UAV-based laser scanning system. 

Such systems use light-weight navigation sensors with a 
moderate level of accuracy for the estimation of the platform’s 
trajectory. As a consequence, the georeferencing of the point 
clouds is sub-optimal and should therefore be optimized 
by strip adjustment. This was demonstrated in a minimal 
example for a single pair of strips. Extensive ground-truth 
data was extracted from a simultaneous manned ALS cam-
paign. By means of strip adjustment, the relative and absolute 
orientation of the strips was improved to 1.38 cm and 1.65 
cm, respectively. These results confirm the suitability of the 

Figure 9. Estimated trajectory correction functions for both strips. 
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proposed calibration and correction model, as the adjusted 
strips are free from systematic errors and the residual random 
errors widely correspond to the specifications of the deployed 
measurement system. 

The presented strip adjustment method with the spline 
trajectory correction model was already successfully applied 
to several manned ALS campaigns. As a next step, we want to 
use the strip adjustment framework, together with the trajec-
tory correction model presented in this paper, to improve the 
georeferencing of Mobile Laser Scanning point clouds of an 
urban area.
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